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In the present paper we introduce a new class of sequences called GM (/?, r) , 
which is the generalization of a class considered by Tikhonov in [T^. Moreover, 
we obtained in this note sufficient and necessary conditions for uniform conver- 
gence of sine series with r) —general monotone coefficients. 
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1 Introduction 

It is well know that there are a great number of interesting results in Fourier analysis 
established by assuming monotonicity of coefficients. The following classical con- 
vergence result can be found in many monographs (see [Tj and [18], for example). 

Theorem 1. Suppose that bn > bn+i and 6„ ^ 0. Then a necessary and sufficient 
condition for the uniform convergence of the series 
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This result have been generahzed by weakening the monotone conditions of the 
coefficient sequences. Generahy speaking, it has become an important topic how to 
generahze monotonicity. 

Recently, Leindler [3] defined a new class of sequences named as sequences of 
rest bounded variation, briefly denoted by RBVS, i.e., 

RBVS = <a := (an) G C : |a„ — a„_(_i| < K (a) \am\ for all m G N > , 

I. n=m ) 

where here and throughout the paper K (a) always indicates a constant only de- 
pending on a. 

Denote by MS the class of monotone decreasing sequences and CQMS the class 
of classic quasimonotone decreasing sequences (a € CQMS means that (a„) G M+ 
and there exists an a > such that an/n" is decreasing), then it is obvious that 

MS C RBVS n CQMS. (1.2) 

Leindler [1] proved that the class CQMS and RBVS are not comparable. In [9] 
leindler considered the class of mean rest bounded variation sequences MRBVS, 
where 

MRBVS = {a := (a„) G C : 

oo ^ m I 

ja„ — fln+il < K (a) — |a„| for all m G N > . 

n=m n>m/2 J 

Further, the class of general monotone coefficients, CM, is defined as follows ( see 

my- 

{2m-l "I 
a := (a„) G C : |o„ — a„+i[ < K (a) \a„i\ for all m G N > . 
n=m ) 

It is clear that 

C MRBVS and iiSF^ U CQMS C GM. (1.3) 

Very recently, Le and Zhou [2] suggested the following new class of sequences 
to include CM: 

GBVS = {a := (a„) G C : 

2m- 1 

> |a„ — a^+il < K (a) max |a„| for some integer N and all m G N > 

^-^ m<n<N+m 

n=m J 

In [71 [m IS [13] was defined the class of general monotone sequences as follows: 
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Definition 1. Let (3 := (/?„) be a nonnegative sequence. The sequence of complex 
numbers a := (a^) is said to be /5— general monotone, or a € GM [(5), if the relation 

2m-l 

^ |a„ - a„+i \<K{a) (3m 

n=m 

holds for all m. 

In the paper [13] Tikhonov considered the following examples of the sequences 

f3n : 

(1) i(5n = \an\ , 

n+N 

(2) 2l3n = l^fel foi' some integer A^, 

k=n 
N 

(3) zPn = l^^cnl for some integers N and c > 1, 

(4) iPn = \an\ + ^ for some c > 1, 

k=n+l 
[era] , I 

(5) 5/3n = lonl + Y ^ for some c> 1. 

fc=[?i/c] 

It is clear that GM (i/5) = GM and GM (2/?) = GSl^S'. Moreover (see [H 
Remark 2.1]) 

GM (1/5 +2/3+3/3+4/3 +5 /?) = GM (5/3) . (1.4) 

The following results generalized the Chaudy - Joliffe criteria (Theorem 1) as 
weU as its extensions (see also ([L2|), ([L3]) and <^): [lO] for GQMS, [3] for RBVS, 
[m for MRBVS, [H] for GM, [2j for GS^S, [l5] for particular case of GM (3/?) 
sequences, [Ml IT] for GM (5/3) , [7] and [12] for GM {(3) but only the sufficient 
condition and [13] for GM (/?). 

We write /i ^ /2 if there exists a positive constant i^T such that Ii < KI2. 

In order to formulate our new results we define another class of sequences. 

Definition 2. Let (3 := {(3n) be a nonnegative sequence and r a natural number. 
The sequence of complex number a := (an) is said to be (/?, r) —general monotone, 
or a € GM (f3, r), if the relation 

2m- 1 

|a„ - an+r\ < K (a) [3m 
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holds for all m. 

It is clear that GM {f3, 1) = GM (/3). Moreover, the embedding relation between 
GM (/?, r) (r > 1) and GM (/?, 1) implies from the following remark: 

Remark 1. Let r be a natural number. If a nonnegative sequence P := is such 
that 

r-l 
i=0 

for all n, then 

GM(/3,1) C GM{p,r) . 

Connecting with the relation (jl.4p we shall consider the class GM {(3* ,r) only, 
where 

n+r-l [cn] 

(5* := /3* (r) = |afc| + — ^ for some c > 1. 

k=n k=[n/c\ 

It is clear that ^(3 = (3* (1) and GM (5/?) = GM 1) C GM (/?*, r) for r > 1 (see 
Corollary 1). 

In this note we shall present the properties of the class GM (/3*,r) . Moreover, 
we generalize and extend to the class GM (/?*, r) the results of Tikhonov, which are 
included in [T3]. 



2 Main results 

We have the following results: 

Theorem 2. Letri,r2 G N andri < r2. Ifri \ r2, thenGM (/3*,ri) ^ GM {j3* ,r2) ■ 

Corollary 1. // r G N and r > I, then GM {^/S) = GM {(3*, 1) £ GM (/?*, r). 

Theorem 3. Let ri,r2 G N. If ri \ r2 and r2 f ri, then the classes GM (/3*,ri) and 
GM (13* ,r2) are not comparable. 

Theorem 4. Let a nonnegative sequence {bn) G GM (/3* ,r) , where r > 1. If the 
series lil.l]} converges uniformly (or if the series lil.l]) is the Fourier series of a 
continuous function), then nbn as n —> 00. 

Theorem 5. Let a sequence (bn) G GM (/?*, 2) . If n — > as n ^ 00, then the 
series converges uniformly. 
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Corollary 2. Let a nonnegative s6QU6Tice (672) G (ji\^(/3*,2) . Then the necessavy 
and sufficient condition for series to be uniformly convergent is nbn as 

n 00. 

Remark 2. If we confine our attention to the class GM (5/?) then by Corollary 1 the 
Tikhonov result ( see [ISJ Remark 2.2.2] ) follows from Corollary 2. 

Remark 3. There exist a real number xq and a sequence d := € GM {(3* ,3), 
with the property ndn — > as n ^ 00, for which the series is divergent in xq. 

Theorem 6. Let a sequence (bn) € GM {(3* ,r), where r > 3. //n|6„| ^ as 
n ^ 00 and 



then the series converges uniformly. 

Remark 4. The above result is essential extension of the Tikhonov result (see 
Theorem 2.1]). Indeed, for any r > 3 there exists a sequence o := (on) G GM {13*, r), 




n=l k=l 



with the properties: na. 



'n 



as n 



00 and 



00 [r/2] 




(2.1) 



n=l k=l 



which does not belong to the class GM (/?*, 2) . 



3 Lemmas 



Lemma 1. Let r G N, / G Z and a := (a„) G C. If x ^ then for all n 





(3.1) 



Proof. An elementary calculation gives 



2n~l 



2n-l 



2n-l 
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k=n 
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2n-l 2n+r-l 2n+r-l 

= {ak — dk+r) sin kx + COS rx aksinkx — sinrx 0^ cos /ex. (3. 

fe=n fc=ri+r A:=ri+r 

On the other hand 

2n-l 2n-l 2n-l 

afc cos A;x = (a^ — flfc+r) cos A:x + flfc+r cos /cx 

k=n k=n k=n 

2n-l 2n+r-l 2ra+r-l 

= (ofc — Ofe+r) COS /cx + COS rx cos /cx + sin rx sin /ex. 

fc=n fc=n+r k=n+r 



Hence 



2n+r-l 2n-l 2n+r-l 

(1 — cosrx) afcCOs/cx= (ofc — a^+r.) cos /cx + sinrx a^sin/cx 

fc=n+r fc=n k=n+r 



n+r—1 2n+r— 1 



Ofc COS kx + Ofc COS kx. 



k=n k=2n 

Therefore, if x 7^ then 

2n+r-l ^ (2n-l 

y~] ttk cos kx = —— -— < (ofc - ak+r) COS kx 

^-^ ism rx/2 

2n+r-l n+r-1 2n+r-l 

+ sin rx Ofc sin /cx — Ofc cos /cx + cos /cx > . 

fc=n+r A;=n k=2n J 

Putting this to (|3.2p we get 

2n-l 2n-l 2n+r-l 

^^afcsin/cx= (a^ — 0^+^) sin /cx + cos rx a^sin/cx 

k=n k=n k=n+r 

I /^N 2n— 1 2?i+r— 1 

COS (rx/2) ^ \ i, o 2 ^ 

>^ (Ofc — Ofc+r j COS kx — I COS — >^ Cfc sm /cx 



sm (rx/2) ^ 2 

cos(rx/2j cos (rx/2j 

+ ^~? 7^ / . ak cos kx — — - > ak cos kx 

sm (rx/2) ^-^ sm (rx/2) ^-^ 

^ ' ' k=n ^ ' ' k=2n 

^ 2n-l ^ 2n+r-l 



sm (rx/2) ^-^ \ 1, 

k=n k=n+r 

COS (rx/2) cos (rx/2) ^-^ 

akcoskx — -— } ak cos kx. 

sm (rx/2) ^-^ sm [rx/2) ^-^ 
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Thus 



2n-l 



2n-l 



2 afc sin kx = . . (ofc - a^+r) cos (k+^ 

^-^ sm(rx/2) ^-^ \ 2 

k=n ^ ' ' k=n 



i /o\ "+^-1 / /o\ 2n+r-l 

cos(rx/2j v-^ , cos(ra;/2j ^-^ 

H ; — > ajfc cos kx -— > afc cos k 

sin(rx/2) 



sin {rx/2) 



k=n 
n+1 — 1 



X 



fc=2n 



+ Ofc sin kx — afc sin kx 

k=n k=2n 



-1 



'2n-l 



sin {rx/2) 



^ {ak -afc+r)cos [k + - 



k=n 



2n+r-l 



n+r— 1 



afc cos (A; - -j X - ^ cos f /c - - j x 



2/ ^ - V 2. 

k='2n k=n J 

and dXH) holds. 

The proof is complete. 
Definition 3. A complex sequence d := {dn) is said to be weak monotone if 



□ 



n 



\dn\ <K{d) \dk\, c> 1, 

k=[n/c] 



holds for all n. 



Lemma 2. jll3[ Theorem 2.2] Let a nonnegative sequence be weak monotone. 
Then the uniform convergence of series U.l\) (or the fact that series i3.1\) is the 
Fourier series of a continuous function) implies the condition nbn — > as n —> oo. 



4 Proofs 



In this section we shall prove our theorems and remarks. 



4.1 Proof of Remark 1 



Let r € N and (a^) G GM (/?, 1) . Then for all n 

2n-l 



2n-l 

\ak — CLkA 

k=n 



E 

k=n 



r-l 

{o.k+i — CLk+i+l] 
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2n—l r—1 7 — 1 2n+i— 1 i — 1 

A;=ri j=0 i=Q k=n+i i=Q 

and (an) G GM{f3,r). □ 

4.2 Proof of Theorem 2 



If ri I r2, then exists a natural number p such that r2 = p ■ r\. Supposing (a 
GM (/?*, ri) we have for all n 



2n-l 



2n-l 



k=n 



k=n 



/=0 



2n-lp-l p-12n+Z-ri-l 



p—1 / n+l-ri+ri — l 



[c(ra+/-ri)] 



Z=0 \ k=n+l-ri 



k=[c i(n+i-ri) 



'ra+p-ri-1 [c{n+p-ri)] . . \ n+r2-l [c{l+r2)n] 

<p| E M+ E ¥ « E M+ E ¥• 



A; 

k=n fe=[c-in] / A;=n jfc=[(c(l+r-2))"^n] 

whence (a^) G GM rs). Thus GM ri) C GM (/?*, ra). 
Now, we prove that GM (/?*, ri) ^ GM (/?*, r2). 
Let 



2 + an , 
an = 7^ — , where q;„ 



— 1 if r2 \ n, 
1 if r2 f n. 



We show that (an) G GM (/?*, r2) and (a„) ^ GM (/?*, ri) . Let 

^1^2 •= ^ (^"21 /c, n) = {fc : n < A; < 2n and r2 | fc} , 
:= B (r2, k, n) = {k : n < k < 2n and k} . 

Then for all n 

2n-l / \ 

k=n \k&Arr, k£Br 



'"2y 



E 



1 



1 



fe' (fe + r-2)' 



keBr2 



k^ {k + r2)' 
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and we have (a„) G GM (/?*, r2) . 

Since ri < r2 we obtain that r2 f ri and 

2n-l 

|afc - gfc+nl > ^ |afe-afe+ri|= ^ 



(* + ri) 



|2A;2 - 2A;ri -rfl 



If ra > 5ri then 2ra^ — 2nri — > (n + ri)^. Hence for n > 5ri 
and since 

n+n-l [en 



fe=n fe=[n/c] 



the inequality 

2n-l Tn+ri-l [cn] 

iafc - gfc+ni <K{a)< + 

fc=n ^_ fe=n fc=[n/c] 

does not hold, that is, (an) does not belong to GM (/?*, ri) . 
This complete the proof. □ 

4.3 Proof of Theorem 3 

Prom the above proof wc can see that there exists a sequence (a„) G GM [(3* ,72) 
such that (a„) ^ GM (/?*, n) . 

Analogously, let 

2 + 7n , f -1 if ri I n, 

en = 2~' where 7^ = 

y I \f ri\ n. 
We show that (e„) G GM (/3*,ri) and (e„) ^ GM (/?*,r2). Let 

:= ^ (ri, A;, n) = {A; : n < A; < 2n and ri | A;} , 
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:= B (ri, k, n) = {k : n < k < 2n and ri] k} . 



Then for all n 



2n-l 



^ \ek-ek+rA= I E + E I |efe-efc+ri| 



k=n 



E 

k^-Af-^ 



1 



2n-l 



— u2(u^^.\^ — ^ k^ - 



1 

^~ {k + nf 

2n-l 



+ E 



keBr 



1 6ri 



and (e„) G GM(/3*,ri). 

If ri I r2 then for n > 5r2 we get 



(fc + ri)^ 



[cn] ^ [cn] 

« E E 



k=n 



k=[n/c] 



k=[n/c] 



2n-l 



^|efc-efe+^2|> \ek-ek+r2\= E 



t= (* + r-i)= 



\2k'^ - 2kr2 - r1\ 
k^ {k + r2f 



> 



^ k'^ ~ 4nri 



keA. 



and since 



the inequality 



n+r 2-1 [cn] / a\ 

E E X- 

fc=n A;=[n/c] 



2n-l 



E l^*^ ~ (^k+ri \ < K{e) < 



k=n 



n+r2 — l 



E '^-^ E T 



k=n 



k=[n/c] 



does not hold, that is, (e„) does not belong to GM (/?*, r2) . 
This complete the proof. □ 



4.4 Proof of Theorem 4 

Let (5„) G GM {(3* ,r), where r > 1. We show that such sequence (5^) is weak 
monotone. If n < r then the inequality obviously holds. 

Now, let n > r. For j = n + 1, n + 2, 2n we get 

j-l j-l j+r-l 

E l^'^ ~ ^k+r\ >Yh- E 
A;=n A;=n k=n+r 
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and for J > n + r + 1 we obtain 

n+r— 1 j—1 j+r—1 

K< XI ^k<^\h- bk+r\ + ^ h 

k=n k=n k=j 

2[j/2]-l j+r-1 

k=\j/2] k=j 

[cj/2] [j/2]+r-l j+r-1 ^ [cn] [j/2]+r-l j+r-1 

k=[j/2c] k=\j/2] k=j k=[n/2c] k=\j/2] k=j 

Summing up on j we get 

2n n+r 2n 

nbn= 'Y bn= 'Y bn+ X 

j=n+l j=n+l j=n+r+l 

2n I ^ [cn] [j/2]+r-l j+r-1 

j=n+r+l \ k=[n/2c\ k=\j/2] k=j 

[cn] 2n j+r-1 2n [j/2]+r-l 

<rbn+ X E E E E 

k=[n/2c] j=n+l k=j j=n+l k=[j/2] 

[cn] r-1 2n-l+j r-1 [(2n-l)/2]+i 

<r X ^^ + E E bk + 2j2 E 

k=ln/2c] j=0 k=n+l+j j=0 A;=[(n+l)/2]+j 

[cn] 2n+r-2 [{2n-l)/2]+r-l 

<r J2 bk + r J2 ^k + 2r ^ 

k=[n/2c] k=n+l k=[{n+l)/2] 

[cn] 2n+r [2cn] 3n [nci] 

<r X h + 3r "Y bk<r ^ h + 3r ^ h < "^r ^ ^k, 

k=[n/2c] k=[n/2] k=[n/2c] k=[n/2c] k=[n/ci] 

where ci = max {3, 2c} . Therefore is weak monotone and by Lemma 2 we ha\ 
that nbn ^ as n — >^ oo and thus the proof is complete. □ 



4.5 Proof of Theorem 5 

Denote 

e!^^ := sup k\bk \ , where c > 1 

k>n/c 
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and 



(x) = bk sin kx. 



k=n 



In view of the assumption, we can see that e^n^ as n — > CX3. Further, we shall 
show that 



(4.1) 



Since {In) = 0, where I £ Z, it suffices to prove (I4.ip for < a; < vr. 
First we show that (j4.ip is valid for < j; < ^. 
Let N := N (x) > 2 be the natural number such that 



TT TT 
< X < . 

A^ + 1 - N 



(4.2) 



Then 



Hence, by ([Q]) . 



n+Af-l oo 

''n {x) = 6fc sin /cx + 5fc sin A;x = r^^^ (x) + r^^^ (x) 

A:=n+Ar 



k=n 



n+N-1 n+N-1 

'•'h'^ (x) < ^ |sinA;x| < x ^ A; \bk\ < xe^^'^N < ne^^l 

k=n k=n 



(4.3) 



If (6n) G GM {j3* ,2), then using Lemma 1, the inequality |:X < sinx (x G [O, f]) 
and (14.21) we obtain 



rp) (xl 



oo 2J+i(n+Af)-l 

6fc sin kx 

j=0 k=2i{n+N) 



oo 
j=0 



2 sin X 



^ 2J+i(n+Af)-l 

E(6fc - &fe+2) COS (A; + l)x 



k=2^{n+N) 



2J+i(n+Af)+l 2J(n+Af)+l 

+ 6fc cos {k — l)x — 6fc cos (A; — 1) X 

k=2^+^{n+N) k=2i{n+N) 



^ oo ( 2J+i(n+Af)-l 2J+i(n+7 
j=0 fc=2^{n+Af) fc=2J+i(r 



2J+i(n+Af)+l 2J(n+Af)+l 

l^fcl + E l^^l 
n+N) k=2j(n+N) 



oo r2-'+l(n+Af)-l 2^(n+Af)+l 



i=0 fc=2i(n+Af) 



A;=2J {n+N) 
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«(iv + i)j;< 

j=0 



2J(n+Ar)+l [c2^{n+N)] 
fc=2J(n+Af) k=[2Hn+N)/c] 



N 

k 



« (N + 1) ' 

j=0 



23{n+N)+l ^ [c2^{n+N)] ^ 

E T E 



k ' / > /j2 

fc=23(n+Af) fc=[2J(n+Ar)/c] 



iV + 1 



j=0 



V - « 

9i ^ ^" 



(1) 



(4.4) 



Now, we prove ()4.ip for ^ < x < vr. 

Let M := M (x) > 2 be the natural number such that 

vr TT 

■^~TT<3;<7r — — -. 

M - M + 1 



(4.5) 



Then 



n+Af-l 



<"n {x) = sin kx + 6fc sin kx = r^^^ (x) + rj^' 



(4) 



fc=n A:=n+M 

Using the inequality sinx < vr — x (x G (0, vr)) and (14. Sp we get 

n+Af-l 



ri=^)(x) <(^-x) ^ A:|6,|<(^-x)Me(,i)<vr4^ 



(1) 



(4.6) 



k=n 



If (6n) G GM (/?*, 2), then using Lemma 1, the inequality 2 — ;|x < sinx (x G [f > ^r] ) 
and (14.51) we obtain 



r(2) (x) 



oo 2J+l(n+M)-l 

E E ^'^^ 

jr=0 fc=2^(n+M) 



j=0 



-1 



2J+i(n+M)-l 



2 sin X 



^ (6fc - 6fc+2) cos (A; + 1) X 



fc=2J (n+Af) 

2J+l(n+A/)+l 2J(n+A/)+l 

+ Y2 cos (A: — 1) X — 6fc cos (A; — 1) 

A;=2J+l(n+Af) fc=2J(n+A/) 

oo ( 2J+i(n+Af)-l 2J (n+A/)+l 



2 fi ! E ] E \h-bk+2\+ E i^fci 

V TT I j=o I k=2i{n+M) k=23(n+M) 
2i{n+M)+l [c2Hn+M)\ 

E E 



«(M + 1)J]< 

j=0 



fc=2i(n+Af) 



A:=[2J(n+Af)/c] 
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M + 1 1 (1) .4 7^ 

From the estimations ()4.3p . (j4.4p . ()4.6p and ()4.7p we obtain the uniform convergence 
of series (ll.ip follows and thus the proof is complete. □ 



4.6 Proof of Remark 3 



Let xo = % and 



1 1 f^^u if n = 3A; + l, 

d = I nln(ra+l) ' 

I I / , -I N if n ^ 3k + 1, 

(_ n. ln(n+l) ' ' 

where /c E N U {0}. An elementary calculation gives 

E2tt Ait 27r 

dk sm [kxQ ) = di sm — + d2 sm — + 2^ 2^ rfsfc+i sm (3A; + ^) 

k=l k=l i=0 

= {di - d2) sin ^ + ^ ^ dsk+i sin ( J 
= {di - d2) sin ^ + ^ ^ d^k+i sin j = sin ^ ^ (c?3fc+i - ^3^+2) 



sm^2^ 



fc=l i=l ^ ^ fc=l 

00 



3 ^ V + 1) In (3A; + 2) (3/c + 2) In {3k + 3) 

. 27r^ 2 

> sm — > — ^ — = 00 

3 ^ (3/c + 1 In 3A; + 3 
fc=i 



00 

and the series ^ (ifcsin(A;xo) is divergent, too. □ 
k=i 



4.7 Proof of Theorem 6 

Denote 



e^^^ := sup k\bk \ ^ where c > 1, 

A;>n/c 



00 [r/2] 

E 

k>n/r fc=l 



£^ri ^ • — ^ ^ ^ ^ l^r-n+fc ^r-n+r—k\ 



and 



f'n (a;) = sin /ex. 



k=n 
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In view of the assumptions, we have that e^^^ and — > as n — > oo. We shall 
show that 

(4.8) 



also holds. Since (/vr) = 0, where / S Z, it suffices to prove ()4.8p for < x < vr. 

First we shall that (14. Sp is valid for x = where / is an integer number such 
that < 2/ < r. For any n exist two number g € N U {0} such that n = r ■ p + q, 
where < o < r. Then 



2/7r\ 



k=n 



21-K 



r(p+l)-l 



— j =5^6fcsin(/c— ) = hksm[k— 



+ 2^ 2^ ^r-k+i sm Urk + i)—\= 2^ bk sm I k— 1 



k=r-p+q 
■r(p+l)-l 



2/7r\ 



r y 



A;=p+1 i=0 



oo r— 1 



fc=p+l i=l 



k=r-p+q 

r 



If r = 2s (s = 2,3,..) then 



r-l 



,2/7r 



2s-l 



&r-fc+j sin ( i— j = ^ 62s.fc+i sin ( i— j = ^ (?*2s-fc+j - 62s fc+2s-j) 



k=l 



.Itt\ 



s-l 



A sm I 



i=l 



i=l 



'2s-k+i — '32s-k+2s~i) Sm « 



r/2 

^ ^ {br-k+i bf-k+r—i) 
i=l 



2ln 



and if r = 2s + 1 (s = 1, 2, ..) then 



(4.9) 



r-l 



Yl v) " £ ^(2s+i)-fc+i sin (^^^ 



l)-k+i — 0[2s+l)-k+2s+l~i) 



k=l 



21-K 

2s + 1 



[^/2] . 

{br-k+i — br-k+r-i) ( ^ 
i=l ^ 



2/7r\ 
r / 



Using (jl^ or (|4.10p we obtain 

r(p+l)-l 



2/7r 
r 



r(p+l)-l oo [r/2] 

) < E E Ei^^ 

k=r-p+q k=p+l i=l 



'r-k+i '^r-k+r—i\ 



(4.10) 



< leCi) + £(2) ^ + £(2) 



n 



(4.11) 
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Now, we prove that holds for ^ < x < ^ + where < 2/ < 



Let N := N (x) be the natural number such that 



21tt vr 2/7r vr 

\ < X < \ . 

r N + 1 - r N 



(4.12) 



Then 



n+N-l 



r„, [X 



) = bk sin kx + bk sin /ex = r^^^ (x) + r^^^ (x) . 



k=n k=n+N 

Applying Lagrange's mean value theorem to the function / (x) = sin kx on the 
interval [^j^:] we obtain that there exists y G (^,x) such that 



Using this we get 



ri"^-* IX 



n+N-l 

) = fc&fc COS ky 

k=n 

.(1-1) 



21-11 



\ . /,2/vr\ 

1 + 2^ 6fc sm I k— 1 

^ A:=n ^ ^ 



2/7r\ 



r y 



Hence, by iKUh . 



r(i-i) (x) 



< X 



2/7r 



(4.13) 



If Z = then ri^'^^ (0) = and (gSD is evident. Let < 2/ < r. For any n and 
N > r there exist four numbers pi,P2, 92 G N U {0} such that n = rpi + qi and 
= rp2 + 92, where P2 > 1 and < qi, q2 < r. U qi + q2 = r then 



,(1-2) 



21-K 



r-(pi+l)-l 



r , 

r{pi+l)-l 



2/7r 



— = ^ bkSmlk—\+ Yl ^ksinlk— 



r{pi+p2)+r~l 



and using (14. 9p or (I4.10p we obtain 

r(pi+l)-l P1+P2 [r/'A 

< 

r I 



fc=r(pi+l) 
P1+P2 r— 1 
fc=pi+l i=0 



2/7r 



E E 2^K-k+iS^^h—) (4.14) 



,(1.2) 



fc=r-pi+qi fc=pi+l 4=1 
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Let qi + q2 < r. Then 



I — 1 



2/7r\ 
r J 



k=r-pi+qi 



r I 



P1+P2 r-1 
fc=pi+l i=0 

and by (gj]) or KWh 



■ k+i sm I 



.2111 



r(pi+p2)+f-l 



E 



hh sin I A; 



A;=r(pi+P2)+i3i+<J2-l 



21t: 



.(1-2) 



2/7p\ r(pi+l)-l P1+P2 11-/^1 

/ ; ^ I — h. — I 1 ^ — 1 



k=r-p+q-i 
r-(pi+p2)+r--l 



P1+P2 [r/'A 

E E 

fc=pi+l 4 = 1 



fc=r(pi+p2)+(ji+q2-l 

Now, assume gi + ^2 > Then 



.(1-2) 



— = ^ hksmik — 



r(pi+l)-l 



r J 



21tt\ 



P1+P2 r-1 ^ 2/7r\ ' VPi-t-pa^-t-y 

+ J^Wsinfi-^j+ Yl 

k=pi+l i=0 ^ ^ k=r{pi+i 



fc=r-pi+gj 

(pi+P2)+gi+g2-l 



r / 



by sin ( A; 



(pi+P2)+r' 



2/7r 



and using (j4.9p or (j4.10p we have 

r{pi+l)-l 



.(1-2) 



21tt 
r 



k=r-pi+qi 



. r(pi+i)-l P1+P2 [r/2] 

■) < E \bk\+ E E l&r-fc+i — &r-fc+r 
/ , „ fc=pi+l 1=1 



r{pi+p2)+gi+q2~l 

+ E \bk\«eW+e(^\ 

k=r(pi+p2)+r 

Therefore, by (imH - dlTSll . 



.(1-2) 



2/7r 
r 



(4.15) 



(4.16) 



(4.17) 



If (bn) G GM (/?*, 3) (r > 3), then using Lemma 1, the inequality — 21 < |sin ■ 
{x G ^ + 7] and < 2/ < r) and (liT2l) we obtain 

00 2J+i(n+Af)-l 
j=0 fc=2J(n+Ar) 
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j=0 



2 sin (rx/2) 



^ bkCos(k-- 



fc=2i+i(n+Af) 



{bk - bk+r) cos (^k + 

k=2i(n+N) 

2^{n+N)+r-l 

X- ^ bkCos{k-'-^x 

k=23{n+N) 



< 



oo ( 2i+^{n+N)-l 2J+i(n+7V)+r-l 2i{n+N)+r-l 

Lt^E E \bk-bu+r\+ E E 



2|sm {rx/2)\ 



j=0 I fc=2J(n+Af) 



fe=2J+l(n+Af) 



k=23{n+N) 



^ oo p^+iCn+JV)-! 2-'(n+Ar)+r-l 



j=0 k=2^n+N) 



j=0 



fc=2J(n+Ar) 
c2^'(n+Af)] 



2J(n+Af)+r-l 

E E 

k=2^{n+N) k=[2i{n+N)/c] 



N 
k 



+ 1 



-(1) 



j=0 



(1) 



(4.18) 



Finally, we prove that (jMD is true for ^ + ^ < x < where < 

2 (/ + 1) < r. 

Let M := M (x) > r be the natural number such that 



Then 



2(/ + l)7r vr ^ 2(/ + l)7r vr 



n+M-l oo 

^'n (x) = 6fc sin kx + 6^ sin kx = r^^-* (x) + 

k=n k=n+M 



(4.19) 



rl^) fx) . 



Applying Lagrange's mean value theorem to the function / (x) = sin kx on the 



interval 



X, 



2(;+l)7r 



we obtain that there exists z G ^x, ^^^-|r^ j such that 

2(/ + l)7r 



Using this we get 

n+M-l 

r^^^ (x) = A;6fc cos kz 

k=n 

,(3.1) 



X 



2(Z + l)7r 



\ . / 2(/ + l)^\ 



(x) + r 



(3.2) 



fc=n 

2(/ + l)7r 
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Hence, by 



2(/ + l)7r 



X n+M-1 

) E 

k=n 



The quantity Vn 



< I — ^ ■ X 

\ r 

(3.2) f2{l+l)7T 



(4.20) 



we can estimate in the same way as the quantity 



rn'"^^ (^) • Therefore we get 



,(3.2) 



2(/ + l)7r 



(4.21) 



If (bn) G GM (/?*, 3) (r > 3), then using Lemma 1, the inequality 2 (/ + 1) - < 

and < 2 (/ + 1) < r) and KIM we obtain 



|sin ^1 ( X G 



2ln , n 2(;+l)7r 



r(4) (x) 



oo 2J + l(n+A/)-l 

6fc sin /cx 

j=0 k=23(n+M) 



oo 



-1 



2J+i(n+Af)-l 



2 sin (rx/2) 



^ (6fc - 6fc+r)cos (A; + 



A:=2J(n+Af) 



2J+i(n+A/)+r-l 2^' (n+Af )+t--1 

+ E ftfccos ffc - -j X - ^ 6fcCos(A:--jx 



k=2i+^{n+M) 



k=23 (n+M) 



< 



^ oo r 2-'+l(n+A/)-l 2^+^{n+M)+r-l 2^n+M)+r-l 



2|sin (rx/2) I 



i=0 fc=2J(ri+Af) 



fc=2i+i(n+A/) fc=2J(n+Af) 
2J(n+Af)+T--l 



^ oo r 2J+i(n+A/)-l 

2(/ + i)-r^ E] E \bk-bk+r\+ E 

^ ^ j=0 k=23(n+M) k=2i{n+M) 



j=0 



2J(n+Af)+r-l [c2^n+M)] 

E E 

k=23{n+M) fc=[2J(n+A/)/c] 



M 

A; 



M + 1 



oo 



M + n'" ^2J 

j=0 



(4.22) 



From the estimation KTTh . KT3\\ . KT7\\ . (gUD, (gSQ]), dOTTl and (021) we obtain 
the uniform convergence of series (jl.ip follows and thus the proof is complete. □ 
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4.8 Proof of Remark 4 



Let r > 3 and 







1 



n ln(n+l) 



if r I n, 
if r \ n. 



It is clear that na„ ^ as n — > oo. 

First, we prove that (a„) e GM {13*, r) . Let 

Ar := A{r,k,n) = {k : n < k < 2n and r \ k} 

and 



Br ■= B (r, k,n) {k : n < k < 2n and r \ k} 



Then for all n 



2n-l 



k=n 



E 



fee Br 



1 1 



A;ln(A: + l) (A; + r) In (A; + r + 1) 



E 



In (^1 + ^) + r In (A: + r + 1) 



< 



A; (A; + r) ln(A; + 1) ln(A; + r + 1) ~ ' ^A;2ln(A: + l) 

2n-l [cn] 

= *Ef « E f 

k=n k=[n/c] 

and (a„) E GM{P*,r). 

Now, we show that ()2.ip is valid. We have 

00 [r/2] 
n=l fc=l 



00 [r/2] 

EE 

n=l A:=l 



1 



1 



< 



(rn + A;) In (rn + A; + 1) (rn + r — A;) In (rn + r — A; + 1) 
00 [r/2] Z^]^ ^r-2fc \ _^ ^ (rn + r - A; + 1) 



EE 



(rn + A:) (rn + r — A;) In (rn + A; + 1) In (rn + r — A; + 1) 

oo [r/2] 



< 



r — 2A; + r In (rn + r — A: + 1) 



— 1 fci ~'~ ^^'^ + r — A;) In (rn + A; + 1) In (rn + r — A; + 1) 
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oo [t/2] oo ^ 

(^j^ _l_ ]^\ fy.^ _|_ J- _ (fn + /c + 1) ^—^ rfl In (n + 1) 

n=l k=l n=l 
oo 

and since the series ^ infa+i) converges (12. ip holds. 

n=l 

Finally, we prove that (a„) ^ GM (/?*, 2). For all n we get 



2n-l 



X] - «fc+2l > X] l"'^ - "^=+21 - H (fc + 2)ln(A: + 3) 

1 

> 



3r In (2n + 2) 



and since 



n+l [cn] 

T nln(n + l)' 

k=n k=[n/c] ^ ' 



the inequality 



2n-l 



^ |ofc - afc+2| < (o) < 



71+1 [cm] 
^fc=n fc=[n/c] 



fc=n 

does not hold, that is, (a„) does not belong to GM {j3*\ 2) . 
This ends our proof. □ 
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